
CHAPTER 3

Standardization of Notations and Procedures

3.1 Recommended symbols and notations

To facilitate a comparison of different models of the carbon cycle, a set of com-
mon notations is useful. A wide variety of symbols appears in the literature to denote
commonly employed variables such as masses, fluxes, and sources. Nevertheless a
tendency towards uniformity can be discerned in a majority of the recent investiga-
tions. To promote further this trend and to make the present volume more easily
comprehensible, a list of symbols has been selected for use throughout this volume,
including, where possible, the contributions of individual participants, whose articles
appear after the first four chapters. It is our hope that these symbols will prove to be
sufficiently flexible and consistent that they may be used in further studies ofthe car-
bon cycle, at least in those studies which compare new models with the models pre-
sented here, and those which emphasize analytical formulations where symbol com-
prehension is an important aid to understanding the model properties.

Since the symbol definitions in some cases involve terms with special meaning in
the context of the carbon cycle, we have also included a short glossary of these spe-
cialized terms.

Since this volume addresses the specific problem of explaining the recent uptake
of industrial CO2 by the oceans and the land biosphere, notations were selected
which were well suited to formulations involving small linear (or nearly linear) per-
turbations from an assumed initial or steady state, and exponential (or nearly expo-
nential) forcing functions. The symbols, on the other hand, should also be useful in
expressing other situations including cyclical and random behavior and large non-
linear interactions within the carbon cycle. The latter, indeed, must be considered
when predicting future changes in the carbon cycle due to industrial CO2 injections,
while the former are to be considered when studying historical14C variations as a
means of calibrating models to predict the fate of industrial CO2.

Since a perturbation formulation considers departures from a stationary or refer-
ence state, the notations necessarily fit steady state as well as time-dependent

models. Howeverhereonly thosesteadystateprocessesandpathwayswhich are
likely to be perturbed on time scales ranging approximately from 1 to 1000 years have
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departure of Nj from its initial or steady state value, Nio (= Nj - Njo)
same for *Nj (= *Ni- *Nio)
partial pressure of CO2 in reservoir i
partial pressure of l3C02 or 14C02in reservoir i
cumulative source of carbon-total to reservoir i
cumulative production of industrial CO2 in units of carbon-total
l3C/C or 14C/Cratio in reservoir i
standard l3C/C or 14C/Cratio
l3C/C or 14C/Cratio of industrial CO2 (zero for 14C)
(no superscript) fraction of CO2 from an external source (usually indus-
trial) in reservoir i
l3C/12Cratio in reservoir i
time
volume of oceanic reservoir i
vertical coordinate in the ocean

dissolved inorganic
carbon

dissolved organic
carbon

industrial CO2

particulate carbon

particulate carbonate
carbon

SHORT GLOSSARY

a global reservoir including livingplants and animals (syno-
nymous with biomass and biota) and detrital organicmatter
(including soils).
That part over land is referred to as the terrestrialor land
biosphere,that within the oceans as the marine biosphere.
(common chemical symbol C) carbon as a chemical ele-
ment including all naturally occurring isotopes, i.e. C = 12C
+ l3C + 14C.
(abbreviation: DIC) the sum of all soluble chemical species
of carbon in ocean water which are part of the carbonic acid
system. Includes CO2,H2C03, HC03-, C032-, and chem-
ical ligands of these with other anions and cations.
(abbreviation: DOC) the sum of all organic compounds dis-
solved or dispersed as colloids in ocean water.
carbon dioxide gas produced by industrial processes and
other activities of man including CO2released in the com-
bustion of fossilfuels (coal,petroleum, natural gas)and pro-
duced during the kilning of limestone to produce cement,
but excluding CO2 produced from wood and other recent
biological materials.
(suggested abbreviation: PC) the sum of particulate car-
bonate carbon and particulate organic carbon.
(suggested abbreviation: PCC)carbonate existing in parti-
culate form in ocean water.
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radioactive decay constant for 13C or 14C(13A = 0).
reciprocal of e-fold time for industrial CO2 production assumed to be
rising according to the relation Yr= Yroept where Yrois a constant

ROMANLETTERSUBSCRIPTS
atmospheric reservoir
land biospheric reservoir
particulate carbonate carbon (PCC) in ocean water
subsurface ("deep") oceanic reservoir
industrial CO2 (produced mainly by the combustion of fossil fuel)
particulate carbon (PC) ("gravitationalflux") in ocean water (sum of car-
bonate carbon, PCC, and organic carbon, POC)
reservoir i (general index)
reservoir j (second general index)
oceanic surface ("mixed") layer
not used since it might be confused with subscript for zero (see numerical
list)
particulate organic carbon (POC) in ocean water
the ocean as a whole

GREEKLETTER SUBSCRIPTS

chemical species x (a generalized symbol)

NUMERICALSUBSCRIPT
initial or steady-state to which a perturbation is being compared

SPECIALSUPERSCRIPTS
(PLACEDTO THELEFTOF THEMAINSYMBOL)

indicates that the main symbol refers to 13C;respectively 14C
indicates that the main symbolrefers to a rare isotope of carbon, either 13C
or 14C
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ft = cp'(No) + 1/2 cp'(No) n + 1/6 cplll(No) n2 + . . . (8)

This perturbation factor, ft, is useful in expressing all of the carbon transfers
described in this volume which do not obey the simple box model equation (5).For
example, if the response of the land biosphere to elevated concentrations of CO2in
the ambient air ismodeled such that an x%rise in CO2produces a y%increasein CO2
assimilation (net primary production) then in the absence of detailed information
and assuming that x is small, it is reasonable to expect that a 2x% rise in CO2pro-
duces a 2y% increase in assimilation, i.e.

y=ftx (9)

wherej3is a constant at least for perturbations not greatly exceeding x and y%.Such a
factor, applied to land biospheric assimilation we shall refer to as a biological "growth
factor". It has recently found some acceptance in the botanical literature (Gifford,
1979 a, b).

With respect to the release of CO2 from surface ocean water, it is well known that
the simple box model equation (5) is inappropriate because this flux is proportional
to the CO2 pressure exerted by the inorganic carbon dissolved in the water. This
pressure is not proportional to the amount of dissolved carbon when the pressure
varies owing to uptake or release of CO2. To express the correct dependence of flux
on mass, a CO2 evasion or "buffer" factor, 1;,has been introduced into models, as dis-
cussed in Chapters 1 and 2 and in section 3.4, below. This factor is, in fact, equivalent
to a perturbation factor as defined by (7) and (8). We recommend, however, the
retention of this special symbol, 1;,to indicate that the evasion factor is a quantity
which can be precisely determined from equilibrium thermodynamic experiments.
For calculations of the industrially perturbed carbon cycle up to now, a constant
value of !!is often adequate, but for modeling future responses to industrial CO2, 1;
should be treated as a function of carbon concentration in the water. Nevertheless,
an expression of the form of the first and third terms in equation (8) has been found
to be adequate for portraying the response of surface ocean water throughout the
fossil fuel era (See section 3.4).

It is possible to employ the governing thermodynamic equations directly to relate
pressure to concentration during 3 numerical computation (Bacastow and Keeling,
1973), but the use of an approximate relation of the form of (8) is computationally
simpler.

Equation (1) is not sufficiently general for modelling all carbon cycle perturba-
tions, however, since it is based on the assumption that the flux depends only on the
mass of tracer in the donorreservoir. For the land biosphere, it may be more realistic
to assume that the uptake of CO2 by plants depends also on the amount of plants, i.e.
on the mass of carbon in the acceptor reservoir. In this case the flux from reservoir i

to reservoir j, call it F ij,depends on both N iand Nj, the masses of tracers in reservoirs
i and j, respectively, i.e.
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(F;jofiij - Fjiofili )/Nio (Fjiofiji - Fijofiij )/Njo

thus replace the simpleconstants k;jand kjiwhich appear in the governingbox model
equations when (5) is valid.The factors (Fjjofiij- Fjiofili)/N;o,etc., are constant in a
linear approximation of (1) so that solutions to the governing equations are of the
same form as for cases where only factors kijand kjiare employed. If any of the fac-
tors fiij and fiij are not constant, however, numerical computational methods are
probably required. The perturbation factors remain useful only if they are not so
highly variable that a more direct use of equation (1) or (10) is more convenient.

The CO2evasion factor, as defined in Chapter 1,is a function of the temperature,
salinity, and alkalinity of surface ocean water as well as the concentration of dis-
solved inorganic carbon. If any of these additional properties of a model are con-
sidered to vary with time, it is necessary either to obtain a Taylor's expansion which
includes these additional variables, or to allow the evasion factor to vary explicitly
with time in a manner consistent with the variations in these additional variables.In
complicated cases it is probably not worthwhile to formulate the problem in terms of
a perturbation factor, but if, for example the alkalinityis assumed to depend on the
concentration of dissolved inorganic carbon, as in the models of Bacastow and
Keeling (1979) in which equilibrium of ocean water with calcium carbonate is
assumed, then a Taylor's expansion to express the variation in the evasion factor is
still useful.

33 The modelIDg of rare isotopic carbon with regard to notations

C.D. KEELING

The chemical element carbon, with the chemical symbol, C, consists of two rare
isotopes l3C and 14Cas well as the abundant isotope 12C.To avoid ambiguity in the
terminology of "carbon" as a tracer let us, when dealing with isotopes, refer to the
sum of the isotopic forms as "carbon-total" where in chemical notation

C = 12C + l3C + 14C

Since 14Cis in extremely low abundance in nature, carbon-total, C, is essentially the
sum of 12C and l3C.

The isotopes of carbon behave independently for most processes of interest in
studying the carbon cycle. A straightforward approach in modeling is to employ
additional sets of model equations of the same form as for carbon-total. To facilitate
this approach, the widely used practise is adopted here of placing an asterisk on each
symbol for carbon which is of different magnitude for a rare isotope, e.g. *Nj in place
of Ni. If 12C, l3C or 14C must be distinguished we propose writing 12Nj, l3Ni, 14Ni
where Ni = 12Nj + l3Ni + 14Ni.The superscripts,includingthe asterisks,are placed on
the left side of the main symbol to avoid confusion with mathematical exponents.

The radioactivedecayconstantfor 14C,denotedby 14,1,can be generalized to include
l3C by always assuming l3A= O.We therefore will leU, without a superscript, denote
either isotope.
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Since absolute ratios are rarely measured, there is at present little controversy
regarding the I3C/12Cratio of PDB. Consistent with Craig (1957)and Mook et al.
(1974)we propose for PDB that the standard ratio

(I3C/12C). = .0112372

be used, whence

I3R. = (I3C/C). = .0111123

The I3C/C ratio of a sample relative to PDB is then calculated from oI3Csby

I3Rs (oI3Cs + 1) (1.0112372)

I3R. 1 + (oI3Cs+ 1) (.0112372)
(20)

Conversely, model results given in terms ofI3Nj, Nj and I3R., may be reexpressed
in terms of oI3C via the expressions

I3 (13R/I3R.) .9888877
0 Cj = - 1

1 - (I3R/I3R.) .0111123
(21)

I3Rj = I3N/Nj (22)

One readily discovers that the choice of a slightlydifferent value of the I3C/12C
ratio ofPDB would make no perceptible difference in comparing model predictions
with observational data, provided that the same ratio be used in both (20) and (21).
Thus we propose here as a conventionthat the above ratios for PDB be adopted in
modeling the carbon cycle whenever conversions to absolute abundances or ratios
are called for.

For 14Ca quantity similar to oI3Cis defmed by the expression

(Activity)s - 1
014Cs= (Activity).

(23)

where "Activity" refers to the specific activity (usually in counts per minute per gram
of carbon). Since the specific activity is proportional to the 14C/C ratio

14R
~-1

014Cs= 14R.
(24)

The value of 14R., agreed upon internationally, is based on an oxalic acid standard
of the U.S. National Bureau of Standards normalized in a specified way for I3C frac-
tionation and for radioactive decay since a reference data of 1 January 1950. (Stuiver
and Polach, 1977.) Its absolute value (see Stuiver et al. this volume) is estimated to
be:

14R. = 1.176X 10-12
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venient, this approach seems not, however, to have any outstanding advantages, as
we shall now explain.

For a perturbation in which the masses of rare isotopiccarbon change from *N;oto
*Ni with a corresponding change in carbon-total from N;oto N;, the isotopic ratio
change is

*N;o+ *ni
Ri - Rio =

N . + nj10

*Nio

N;o

(30)

whence after some rearrangment of terms
13R . n*ni - 10 I

R; - R;o = Njo + n;
(31)

The same perturbation expressed in terms of £513Cis

£513Ci - £513e- - .988887710 -
.0111123 {

13n; - 13R;o ni

}(1-13R;o) (N;o + n; - 13N;o - 13n;)
(32)

The rare isotopic perturbation, 13n;,will always be small compared to the carbon-
total perturbation, n;. Thus if n;lN;o is small Gompared to unity both expressions (31)
and (32) approach linear functions of the abundances *n;and n;. But, since n;lNio for
atmospheric CO2 with respect to pre-industrial times is presently over 10%,consider-
able errors are already encountered if linear models are constructed using I3Ri and
14R;or 15I3C;in place of 13Niand 14Ni.These errors are far larger than any introduced
by assuming fractionation factors to be constant relative to carbon-total as in the
expression (18).

Rather than to introduce approximations into the initial model formulation by
using isotopic ratios as system variables, one can define system variables which are
linear combinations of the *n;and nj and at the same time are, to first order, proporti-
onal to isotopic ratios such as R; and a 13C;.For example, Keeling (1979) defined an
isotopic "lable" by

1; = (*n; - R;on;)/Rao (33)

where Raodenotes the I3C/C or 14C/C ratio of atmospheric CO2 before perturbation.
Since to first order

R; - R;o = Ii Rao/N;o (34)

and

88.99037 1; I3Rao

1513Ci- 15I3C;o= (1 - I3R;o) (N;o - 13Nio)
(35)

the model predictions expressed in terms of lable are readily converted to approxi-
mate isotopic ratios by multiplying each 1;by a constant. Furthermore, since the n;
can be separatelycalculated,one can compute the *n;from the 1;via (33)and then via
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3.4 Numerical evaluation of the evasion factor

ROBERT BACASTOW

The evasion factor

1;=
[

(P - PO)/PO

](C - Co)/Co
(1)

constant alkalinity

is a useful parameter for representing, in models of the carbon cycle, the relationship
between the partial pressure of CO2 exerted by sea water, P, and the dissolved in-
organic carbon concentration (DIC), C, as CO2 is added or removed from the sea
water (the subscript "0" refers to an assumed pre-industrial state). Equations for cal-
culating 1;have been given by Bacastow and Keeling (1973). They showed that 1;(c)
can be calculated by solving a 5th order polynomial in the hydrogen ion concentra-
tion, [H+], and Newton's method was suggested for the solution. The method works
well enough provided that the step size, C2- C1, for the calculation of a new partial
pressure P2 at C2, starting with [H+] = [H+h, be small. Otherwise, the procedure
diverges rapidly; one fmds that the hydrogen ion concentration, for example, has
become negative. If the evasion factor is evaluated as part of a numerical stepwise
solution to differential equations, it may be necessary to take smaller steps in time
than would otherwise be desirable. The problem can largely be avoided by evaluating
evasion factors separately and fitting them to a spline or other interpolating function,
interpolating on a table of values, or reducing the step size indicated by Newton's
method. Nevertheless, it is convenient to have a simple algorithm which can be used
to evaluate P for a given C directly with reasonable stability. This note is intended to
describe such an algorithm and to list a fortran program that implements the
algorithm.

As CO2 is added to sea water, the total dissolved inorganic carbon

C = [CO2]+ [HCO}-] + [CO/-] (2)

increases, but the alkalinity,

A = [HCO}-] + 2[CO/-] + [B(OH)4-] + [OH] - [H+] (3)

remains constant. With equilibrium constants

K - [CO2]0--
P

[H+]
Kr = [HCO}-]

[CO2]

K2 = [Rt] [Cot]
[HCO}-]

(4)

(5)

(6)
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and
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With the elimination of [CO2] between (13) and (14),

KX + 2X2
A = C + W(X)

1 + KX + X2

(16)

(17)

and, after clearing the fraction,

(2 C - AI) X2 - K (N - C) X - A' = 0 (18)

where

N = A - W(X) (19)

Because W(X) is alwayssmall compared to A, (17)can be solved iteratively,be-
ginning with the estimate X = Xl for the calculation of W(X) and N. Then:

A' = A - W(X1)

a = 2 C - A'

c = - A'

(20)

(21)

(22)

(23)

b = - K (AI - C)

and an improved estimate of X is

-b+ 172
X2 = y b- - 4ac

2a
(24)

A suitable first guess for Xl is Xl = 1, but often a better starting point can be found.
The rate of convergence is considerably improved by the use ofthe secant method

(Acton, 19'i0). One makes use, in this method, of the results of the last two attempts
to fmd the solution. The problem (figure 1) may be thought of as finding that value of
X such that, with Xl = X,

AX = X2 - Xl ~ 0 (25)

with X2 calculated from (24). Suppose that Xl results inX2, by (24), and that Xl = X21

results in X2 = X3, again by (24). Then an improved estimate of X is

X = X21 + (j

where (j is found from similar triangles

(26)

0 (Xl - X/) - 0

- (X2- Xl)
(27)

X3 - X2'
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APPENDIX A

COMMONEK,EKO,A,B,G1,G2,G3
1001 FORMAT('O (C-CO)/CO

X ' EVF')
1002 FORMAT(1H ,F14.4,6PF14.2,OPF14.6,I6,F14.2)
1003 FORMAT(' KO K1

X ' KB KW' )
1004 FORMAT(1H ,5E14.4)
1005 FORMAT(/!)
1006 FORMAT(' ALKALINITY

X ' (MMOLEfLITER)')
1007 FORMAT(1H ,3(3PF14.3»

C
C
C
C

P ( PPM) X J' ,

K2' ,

BORON TOTAL CO2',

EQUILIBRIUM CONSTANTS AT 19.59 DEG. C, CHLORINITY = 19.24
PER MIL, SALINITY = 34.76 PER MIL

EKO=O.3347 E-1
EK1=O.9952 E-6
EK2=O.7076 E-9
EKB=O.1881 E-8
EKW=O.6463 E-14

C
C
C

CONC ENTRA TrONS

B=0.409 E-3
A=2.434 E-3
CO=2.089 E-3
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100 CONTINUE
WRITE(6, 1001)X
J=101
GO TO 220

200 POCEAN=C/(1.0+EK*X+X**2)/EKO
J=I

220 RETURN
END

KO Kl K2 KB KW
.3347E-Ol .9952E-06 .7076E-09 . 1 88 1 E -0 8 .6463E-14

ALKALINITY BORON TOTAL CO2 (MMOLE/LITER)
2.434 0.409 2.089

(C-CO)/CO P ( PPM) X J EVF

0.0000 290 .27 5.031269 '3 9.36
0.0100 319.10 4.661533 5 9.93
0.0200 351.59 4.306929 5 10.56
0.0300 388.39 3.967275 5 11.27
0.0400 430.29 3.642112 5 12.06
0.0500 478.28 3.331099 5 12.95
0.0600 533.59 3.034012 5 13.97
0.0700 597.73 2.750769 5 15.13
0.0800 672.60 2.481445 5 16.46
0.0900 760.57 2.226291 5 18.00
0.1000 864.52 1. 985755 5 19.78
0.1100 987.98 1.760493 5 21.85
0.1200 1135.06 1.551344 5 24.25
0.1300 1310.34 1. 359277 5 27.03
0.1400 1518.57 1.185249 5 30.22
0.1500 1764.04 1.030002 5 33.85
0.1600 2049.88 0.893817 5 37.89
0.1700 2377.39 0.776310 5 42.29
0.1800 2745.71 0.676372 5 46.99
o.1900 3152.05 0.592293 4 51.89
0.2000 3592.28 0.522015 4 56.88
0.2100 4061.71 0.463399 4 61.87
0.2200 4555.69 0.414440 4 66.79
0.2300 5069.97 0.373376 4 71.59
0.2400 5600.93 0.338730 4 76.23
0.2500 6145.53 0.309295 4 80.69


